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The close evaluation problem

Goal: accurately evaluate the solution near the boundary.
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Why ? Problems in Stokes flow and plasmonic problems
require accurate evaluation near the boundary:.
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The close evaluation problem

Goal: accurately evaluate the solution near the boundary:.

Examples:
Laplace problems

K"’L*

L LN )
“I L]
* ¢

%

Scattering problems

TAu+ Eu=0
Why ? Problems in Stokes flow and plasmonic problems
require accurate evaluation near the boundary:.
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Zhu et al., Nanoscale (2020)

JFL Lab.
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An example i 2D

Auy +kiup =0 R*\D, d=2,3
Au_+k*u_=0 D

Uy =u_ 0D

041O0puy =0_0Opu_ 0D

+ Radiation condition at oo
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Auy +kiup =0 R*\D, d=2,3
Au_+k*u_=0 D

Uy =u_ 0D

041O0puy =0_0Opu_ 0D

+ Radiation condition at oo

Boundary integral methods represents the solution via layer potentials:

uy () = u(x) + On G (z, y)us dry, — / G (2, y)Opuy dy,
oD oD

G~ (x,y) == LH" (k_|z — y))

e A /@ G (@) Oudyy | G (ayy) = SHD (ko — )

" GG~ : fundamental solution
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Auy +kiup =0 R*\D, d=2,3
Au_+k’u_=0 D
Uy =u_ 0D

010pUs = 0_0Opu_ 0D

+ Radiation condition at oo

Boundary integral methods represents the solution via layer potentials:

uy () = u(x) + On G (z, y)us dry, — / G (2, y)Opuy dy,
oD oD

Using the transmission conditions:

u_(xr) =— On G (z,y)u_ d, —I—/ G (x,y)Onu— dy,
oD oD
G G~ : fundamental solution

ut, Oput :related to the data on the boundary.
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An example i 2D

Auy +kiup =0 R*\D, d=2,3
Au_ +k*u_=0 D

Uy =u_ 0D

010pUs = 0_0Opu_ 0D

+ Radiation condition at oo

Boundary integral methods represents the solution via layer potentials:

ut(w) = u(z) + D7 [ug] = 57 [Opuy]

Using the transmission conditions:
- e
u—(z) = =D |ug|+ 5 [Z=0Onhuy]

(7 GG~ : fundamental solution
ut, Oput :related to the data on the boundary.
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BIE to solve 2 P 5_1 U ) (¢
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An example i 2D

Auy +Ekiuy =0 R\ D,
Au_ +k*u_=0 D
oD
010pUs = 0_Opu_

d=23

Uy = U—
oD

+ Radiation condition at oo

Boundary integral methods represents tl

ne solution via layer potentials:

ut(w) = u(z) + D7 [ug] = 57 [Opuy]

Using the transmission conditions:

u_ () = =D [uy] + 5 [Z=Dnuy]

" GG~ : fundamental solution

ut, Oput :related to the data on the boundary.

BIE to solve
D)

3= D7 *S:F U+ ) _
L+ D —2257 ) \Onuy

(")
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Discretization

( %_D—i— ’Sf_ Uy B uinc
%—I—D_ —g—_S_ anu—l- B 0

_|_
_ O
U (CIJ) - o On G (337 y)u-|- d’Yy + O___ G~ (CIJ, y)anu-F dfyy
oD

uy () = u(x) + /

_|_
. O (@, y)ug dyy — / G (,y)Opuy dyy

oD
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Discretization

% — Dt S+ Uy B uinc
I + /) _Z_—'_S_ 8nu+ - 0

2 J—

Use a quadrature rule (Nystrom method) to evaluate the BIE.

T Au—kkiu:O

_ Y ~
u—(z) = — . OnGi (2, y)uy dyy + — . G (2, y)Onug dyy

0.0 @ dry = [ G @)y,

wila) =" (@) + [

oD
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Discretization

%_D—l— S+ Uy B uinc
%—I—D_ —g—j_LS_ an,u—l- B 0

Use a quadrature rule (Nystrom method) to evaluate the BIE.

_ ot - Au+ku=0
u_(a:):— o On G (xay)u+d7y+o___ 8DG (a:,y)é?nqudfyy -

wila) =" (@) + [

0.0 (ur vy~ [ G ()0 dy,
oD

oD

Use the same quadrature rule for the layer potentials.
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Discretization

%_D—l— S+ Uy B uinc
%—I—D_ —g—j_LS_ an,u—l- B 0

Use a quadrature rule (Nystrom method) to evaluate the BIE.

O'+ .
u—(x) = —/ + dryy + — /@3nu+ dryy
oD g _Jo
ui () = u(x) + / On G (0, y )y dryy — /nu+ dyy
dD 9 _

Use the same quadrature rule for the layer potentials.

Problem: the kernels are sharply peaked when = approaches the boundary:.
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Discretization

%_D—F S+ Uy B uinc
%—I—D_ —Z—J_FS_ an,u—l— B 0

Use a quadrature rule (Nystrom method) to evaluate the BIE.
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Use the same quadrature rule for the layer potentials.

Problem: the kernels are sharply peaked when = approaches the boundary:.
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Nearly singular integral
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Discretization

%_D—F S+ Uy B uinc
%—I—D_ —Z—J_FS_ an,u—l— B 0

Use a quadrature rule (Nystrom method) to evaluate the BIE.

O'+ o
u_(z) = — /a D+ dyy + — /8 @0nU+ dryy

100 = (0 + [ G ey~ [ i
) 9 -

Use the same quadrature rule for the layer potentials.
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-35 t|—kernel, r=0.995
-o- Nystrom method
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Problem: the kernels are sharply peaked when = approaches the boundary:.

Nearly singular integral
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Discretization

-
(o0

o) S_
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Use a quadrature rule (Nystrom method) to evaluate the BIE.

O'+ o
u_(z) = — /a D+ dyy + — /8 @0nU+ dryy

100 = (0 + [ G ey~ [ i
) 9 -

Use the same quadrature rule for the layer potentials.

Problem: the kernels are sharply peaked when = approaches the boundary:.

.
-
-
-
-
-
Pl
-

0

35|

-40
-0.5

(
! 1
! 1
A
111
i
Bl
B
1
I
1

——Kkernel, r=0.995
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Nearly singular integral

For a fixed number of
quadrature points, O(1) error.

Barnett (2014).
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Example

Example of a plane wave in an homogeneous domain (elliptic obstacle).
k2 =k3 =5
Use 128 points for the quadrature.

real part uinc error

error

® b N O

2 0 2 2 o 2
Real part solution Log plot of the error (2D view, 3D view)
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An example mm 3D

Interior Dirichlet Laplace problem

Au=0 inD, u=f ondD
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Interior Dirichlet Laplace problem

Au=0 inD, wu=/f ondD

We evaluate the solution via the representation formula

wa) == [ o, Clapulnio,+ [ Cla)o s,

D
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dr|z — y|

(: fundamental solution G(z,y) =
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Interior Dirichlet Laplace problem

Au=0 inD, wu=/f ondD

We evaluate the solution via the representation formula

wa) == [ o, Clapulnio,+ [ Cla)o s,

D
1

dr|z — y|

(: fundamental solution G(z,y) =

Once boundary data (u, 0,,u) is known, one can evaluate layer potentials with (high order)
quadrature rules. Let’s assume we have this data (with spectral accuracy).
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Interior Dirichlet Laplace problem

Au=0 inD, wu=/f ondD

We evaluate the solution via the representation formula

wa) == [ o, Clapulnio,+ [ Cla)o s,

D
1

dr|z — y|

(: fundamental solution G(z,y) =

Once boundary data (u, 0,,u) is known, one can evaluate layer potentials with (high order)
quadrature rules. Let’s assume we have this data (with spectral accuracy).

u(z) = : ny°(x__y)uQDda S !

Y Am oD \CL’—?/’

-1 R Opu(y)doy,
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An example mm 3D

Interior Dirichlet Laplace problem

Au=0 inD, wu=/f ondD

We evaluate the solution via the representation formula

wa) == [ o, Clapulnio,+ [ Cla)o s,

1
dr|z — y|

(: fundamental solution G(z,y) =

Once boundary data (u, 0,,u) is known, one can evaluate layer potentials with (high order)
quadrature rules. Let’s assume we have this data (with spectral accuracy).
1 ny - (x —y) 1 1

@ =0 Ly ey (WAt

Opu(y)doy,

Using parameterization

y=1y(s,t), s €|0,x], t € |—m, ]
v v

47T / / (s,t)dsdt
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Discretization

1 T T
I(y*) = E/ /0 F(s,t)dsdt
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Discretization

1 T T
I(y*) = E/ /0 F(s,t)dsdt

N-point Gauss Legendre z; € (—1,1),i=1,..., N
with weights w;

2N Periodic Trapezoid rule t; = —m + w%, 7=1,....2N

v
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Discretization

1 7T 7T
= — F(s.t t
477/—7r/0 (s,t)dsd

N-point Gauss Legendre z; € (—1,1),i=1,..., N
with weights w;

2N Periodic Trapezoid rule t; = —m + w%, 7=1,....2N

v N 2N Product Gaussian Quadrature rule ' Atkinson (1982)
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Discretization

1 7T s
1) = / /0 F(s, ) dsdt

N-point Gauss Legendre z; € (—1,1),i=1,..., N
with weights w;

2N Periodic Trapezoid rule t; = —m + w%, 7=1,....2N

A
iy T—=< | —=<
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Discretization

1 7T s
1) = / /O F(s, ) dsdt

N-point Gauss Legendre z; € (—1,1),i=1,..., N
with weights w;

2N Periodic Trapezoid rule ¢; = —m + w%, 7=1,...,2N

N 2N Product Gaussian Quadrature rule = |
I(y") » N Z Z wiF (si, Quadrature rules for nearly-singular integrals:
=1 =1 = =

s; = cos™ (z)

N =128 N = 256

error

10710+ A 10719}
-PGQ 4 -~ PGQ
—o-SINH a —--SINH
A ‘ ~IMT | ‘ ~IMT | |
10°"° 10710 10°° 10° 107° 10710 10°° 10° 1015 10710 1078 10°
€ € €
u(x) = — Dlue](x) + S[0ptex () tay(xy, Xo, X3) = €3(sin x; + sin x,)
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How to address this error ?

: I INSA ©) ()



How to address this error ?

1) increase the number of quadrature points U111 ll L1 1 11
|
Y

: I INSA ©) ()



How to address this error ?

1) increase the number of quadrature points U111 ll L1 1 11
|
Y

¥ close evaluation remains LN N\

: I INSA ©) ()



How to address this error ?

1) increase the number of quadrature points

X close evaluation remains e N’\ x
2) use high-order Nystrom methods L

: I INSA ©) ()



How to address this error ?

1) increase the number of quadrature points U111 ll L1 1 11
|
Y

X close evaluation remains jomnnt N’\ x
2) use high-order Nystrom methods L

X requires sophisticated accelerated schemes
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How to address this error ?

1) increase the number of quadrature points

N N S N N Y Y
. . 1
X close evaluation remains Hone
2) use high-order Nystrom methods vl
X requires sophisticated accelerated schemes Ll
3) Lots of techniques to achieve machine precision precision:

regularization, interpolation, QBX, QB2X, ...

Schwab, Wendland (1999), Beale et al. (2001, 2016), Helsing et al. (2008, 2018, 2022), Barnett (2014), Barnett et

al. (2015), Perez-Arancibia et al. (2018, 2019), af Klinterbeg, Tornberg (2016, 2017, 2020), Wala, Kl6ckner (2018,
2019), Ding et al. (2021), Weed et al. (2022), Arrieta et al. (2022), ...

: I INSA ©) ()



How to address this error ?

1) increase the number of quadrature points U111 ll L1 1 11 >
1

¥ close evaluation remains

2) use high-order Nystrom methods
X requires sophisticated accelerated schemes

3) Lots of techniques to achieve machine precision precision:
regularization, interpolation, QBX, QB2X, ...
Schwab, Wendland (1999), Beale et al. (2001, 2016), Helsing et al. (2008, 2018, 2022), Barnett (2014), Barnett et

al. (2015), Perez-Arancibia et al. (2018, 2019), af Klinterbeg, Tornberg (2016, 2017, 2020), Wala, Kl6ckner (2018,
2019), Ding et al. (2021), Weed et al. (2022), Arrieta et al. (2022), ...

Can we provide a simple method without 1), 2) (or 3)) ?
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How to address this error ?

1) increase the number of quadrature points U111 ll L1 1 11 >
I.

¥ close evaluation remains

2) use high-order Nystrom methods
X requires sophisticated accelerated schemes

3) Lots of techniques to achieve machine precision precision:
regularization, interpolation, QBX, QB2X, ...

Schwab, Wendland (1999), Beale et al. (2001, 2016), Helsing et al. (2008, 2018, 2022), Barnett (2014), Barnett et
al. (2015), Perez-Arancibia et al. (2018, 2019), af Klinterbeg, Tornberg (2016, 2017, 2020), Wala, Kl6ckner (2018,
2019), Ding et al. (2021), Weed et al. (2022), Arrieta et al. (2022), ...

Can we provide a simple method without 1), 2) (or 3)) ?

Can we gain from it valuable insights into factors of the problem ?
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How to address this error ?

1) increase the number of quadrature points

¥ close evaluation remains

2) use high-order Nystrom methods
X requires sophisticated accelerated schemes

3) Lots of techniques to achieve machine precision precision:
regularization, interpolation, QBX, QB2X, ...

Schwab, Wendland (1999), Beale et al. (2001, 2016), Helsing et al. (2008, 2018, 2022), Barnett (2014), Barnett et
al. (2015), Perez-Arancibia et al. (2018, 2019), af Klinterbeg, Tornberg (2016, 2017, 2020), Wala, Kl6ckner (2018,
2019), Ding et al. (2021), Weed et al. (2022), Arrieta et al. (2022), ...

Can we provide a simple method without 1), 2) (or 3)) ?
Can we gain from it valuable insights into factors of the problem ?

Given a quadrature method, can we improve accuracy at close evaluation points ?
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Asymptotic methods for close evaluation

u(x) = K(z,y)u(y)do, peaked kernel continuous function (spectral accuracy)
oD
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Asymptotic methods for close evaluation

u(x) = K(z,y)u(y)do, peaked kernel continuous function (spectral accuracy)
oD

1) Use asymptotic methods

2) Modified representations

» C.etal. (2018, 2020, 2021), Khatri et al. (2020), C. (2021)
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Asymptotic methods for close evaluation

u(x) = K(z,y)u(y)do, peaked kernel continuous function (spectral accuracy)
oD
o
1) Use asymptotic methods g

K = K™ 4 Ko 4 O())

2) Modified representations

=
=

"‘s
J

}l, C. etal. (2018, 2020, 2021), Khatri et al. (2020), C. (2021)

INSA @®© ()



Asymptotic methods for close evaluation

u(x) = K(z,y)u(y)do, peaked kernel continuous function (spectral accuracy)
oD

6_.>< X

1) Use asymptotic methods 4

Kln _|_Kout + O

/Ka:y y)do, + /K:I:y y)do,,

2) Modified representations

I=| C. etal. (2018, 2020, 2021), Khatri et al. (2020), C. (2021)
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Asymptotic methods for close evaluation

u(x) = K(z,y)u(y)do, peaked kernel continuous function (spectral accuracy)
oD

5_.>< X

1) Use asymptotic methods 4

K Kln _I_Kout + O

/K(aj,y y)do, + / K(z,y)u(y)doy,

Base numerical method on asymptotic analysis

2) Modified representations

I= C. etal. (2018, 2020, 2021), Khatri et al. (2020), C. (2021)

, I INSA © (




Asymptotic methods for close evaluation

u(x) = K(z,y)u(y)do, peaked kernel continuous function (spectral accuracy)
oD

5_.>< X

1) Use asymptotic methods 4

K Kln _I_Kout + O

/K(a:,y y)do, + / K(z,y)u(y)doy,

Base numerical method on asymptotic analysis

2) Modified representations

. (@, y)[iy) — oz, y)]doy + - Kz, y)a(z,y)doy

| K@y - K (z,y)]1(y)doy + - K (2, y)1(y)doy,

I=| C. et al. (2018,2020, 2021), Khatri et al. (2020), C. (2021)
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Asymptotic methods for close evaluation

u(x) = K(z,y)u(y)do, peaked kernel continuous function (spectral accuracy)
oD 5
XL
1) Use asymptotic methods 4

K Kln _I_Kout + O

/K(a:,y y)do, + / K(z,y)u(y)doy,

Base numerical method on asymptotic analysis

2) Modified representations
Kz y)lu(y) — alz,y)ldoy + [ K(z,y)alz, y)doy
oD 4 oD ?

Vanishes at x = y Spectral computation

v

| K@y - K (z,y)]1(y)doy + - K (2, y)1(y)doy,

|=| C. etal. (2018, 2020, 2021), Khatri et al. (2020), C. (2021)
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Asymptotic methods for close evaluation

u(x) = K(z,y)u(y)do, peaked kernel continuous function (spectral accuracy)
oD

1) Use asymptotic methods
Kln + Kout + O

/ K(z,y)u(y)doy, + / K(z,y)u(y)doy,
B cal hod . lvs; Acoustic binding with
ase numerical method on asymptotic analysis Kim, McCullough

EEEag,
e
e,
.
*
-
-
.
.
.
.
.
.

-
-
.
.

2) Modified representations

K(z,y)|u(y) — alz,y)|do, + Kz, y)a(z, y)doy,
oD * oD ? | o 11k "
. . . + Optical cloaking wit
VanlSheS*at r=1Y Spectral computation : Cha111at Cortes, Tsogka
| K(wy) = K(z,y)ly)doy + | K(z,y)u(y)do, X
0D oD
QPAX with

I=| C. etal. (2018, 2020, 2021), Khatri et al. (2020), C. (2021)

K1m Lewis, Moitier
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Asymptotic methods for close evaluation

u(x) = K(z,y)u(y)do, peaked kernel continuous function (spectral accuracy)
oD

1) Use asymptotic methods
Kln + Kout + O

/ Kz, y)p(y)doy / K(z,y)u(y)doy,
+ Acoustic binding with
ase numerical method on asymptotic analysis in 3D‘ | Kim, McCullough

LLLET
e
e,
.
»
-
-
.
.
.
.
.
.

-
)
.
.

2) Modified representations

Kz, y)p(y) — ez, y)ldoy + | K(z,y)a(z, y)do,
oD A oD A :
Vanishes at z = y Spectral computation ; Optical cloaking with
* P P : Challlat Cortes, Tsogka
/ [ (2, y) — K (2, y)]p(y)doy + | K(z,y)p(y)do, XX
oD oD
QPAX with

|=)C. et al. (2018, 2020, 2021), Khatri et al. (2020), C. (2021) | Kim, Lewis, Moitier
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Outline

* The close evaluation problem
* Quadrature based on asymptotic methods
* Modified representations

+ Conclusion
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Nearly singular integrals

Interior Dirichlet Laplace problem

u(r) = — O, G, y)u(y)doy, +/ Gz, y)0,u(y)doy,
oD 8D

1 ny - (x —y) 1 1
- u(y)doy +
Am Jop vyl Y d4m oD |7 — U

Opu(y)doy, oD
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Nearly singular integrals

Interior Dirichlet Laplace problem

ww) == [ o, G, + [ G0ty

D

1 ny - (x —y) 1 1
u(y)do, + —
W)doy A Jap v~y

Opu(y)doy, oD

 Ar oD \x—y\?’

Using = = y* — efn, and Gauss’s law:
(0 zeR3\D
/ On, G, y)doy = < —% x € 0D

op -1 zeD
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Nearly singular integrals

Interior Dirichlet Laplace problem

ww) == [ o, G, + [ G0ty

D

1 ny - (x —y) 1 1
u(y)do, + —
W)doy A Jap v~y

Opu(y)doy, oD

 Ar oD \x—y\?’

Using = = y* — efn, and Gauss’s law:
(0 zeR3\D
/ 8nyG(:c,y)day:<—% x € 0D
oD -1 zeD
\
1/ ny - (Y —y —eln,) § 1 1
= u(y*)—— u(y)—u(y™)|do,+— Opu(y)do
W) i op Uty —eln. )=y )ldoyt o op [V — 1y —cln.] W)doy
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Nearly singular integrals

Interior Dirichlet Laplace problem

ww) == [ o, G, + [ G0ty

oD

1 ny - (x —y) 1 1
= —— u(y)doy, + — Opu(y)do
T e Tk

Using = = y* — efn, and Gauss’s law:
(0 zeR3\D
/ On, G, y)doy = < —% x € 0D

oD

-1 zeD
v
1 ny - (Y —y —eln,) § 1 1
= u(y*)—— u(y)—u(y™)|do,+— Opu(y)do
e e L Ll (R LR ()

‘ local analysis of each layer potential about ¥* when ¢ — O+‘

« [ INSA ©) ()




Close evaluation in 3D

Local Analysis of the Laplace double-layer potential:

1 ny - (y* —y — elny)
Am Jpy vt —y—eln.]?

lu(y) — u(y™)ldoy,
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Close evaluation in 3D

Local Analysis of the Laplace double-layer potential:

1 ny - (y* —y — elny)
Am Jpy |yt —y—eln.]’

lu(y) — u(y™)ldoy,

1) Parameterization y(s,t) with (s,t) € [0, 7] X [—m, 7]
with y* corresponding to the north pole

\4
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Close evaluation in 3D

Local Analysis of the Laplace double-layer potential:

1 ny - (y* —y — elny)
Am Jpy vt —y—eln.]?

lu(y) — u(y™)ldoy,

1) Parameterization y(s,t) with (s,t) € [0, 7] X [—m, 7]
with y* corresponding to the north pole

v
_L [T A mO0) — s t) —elna) L o S
4 /_W/O |(y(()7) y(S,t)—eén*|3 J( vt)[ ( ,t) (07 )] ( )d dt

J(S, t) — |y3(8,t) th(s,t)|

sin(s)
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Close evaluation in 3D

Local Analysis of the Laplace double-layer potential:

1 ny - (y* —y — elny)
Am Jpy vt —y—eln.]?

lu(y) — u(y™)ldoy,

1) Parameterization y(s,t) with (s,t) € [0, 7] X [—m, 7]
with y* corresponding to the north pole

v
LTl t) @0) —ylst) —elna) Lo Vs
47 /—7T~/O |(y(()7) —y(s,t)—eﬁn*|3 J( 7t)[ ( at) (07 )] ( )d dt

J(S, t) _— |ys(37t) th(S,t)|

o sin(s)

2) Let s = €5 and expand about € =0
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Close evaluation in 3D

Local Analysis of the Laplace double-layer potential:

1 ny - (y* —y — elny) *
_ — d
A B, ‘y* —y — an*‘g [U(y) U(y )] Uy

1) Parameterization y(s,t) with (s,t) € [0, 7] X [—m, 7]
with y* corresponding to the north pole

v
LTl t) @0) —ylst) —elna) Lo Vs
47 /—7T~/0 |(y(()7) —y(s,t)—eﬁn*|3 J( 7t)[ ( at) (07 )] ( )d dt

J(S, t) _— |ys(37t) th(S,t)|

o sin(s)

2) Let s = €5 and expand about € =0

\ 4
r

(e o) s o]
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Close evaluation in 3D

Local Analysis of the Laplace double-layer potential:

1 ny - (y* —y — elny) *
_ — d
A B, ‘y* —y — an*‘g [U(y) U(y )] Uy

1) Parameterization y(s,t) with (s,t) € [0, 7] X [—m, 7]
with y* corresponding to the north pole

v
LTl t) @0) —ylst) —elna) Lo Vs
47 /—7T~/0 |(y(()7) —y(s,t)—eﬁn*|3 J( 7t)[ ( at) (07 )] ( )d dt

2) Let s = €5 and expand about € =0

\4

(8 o [ -]
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Close evaluation in 3D

Local Analysis of the single-layer potential:
1 1

in Jo, -~y cln.

Onu(y)do,
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Close evaluation in 3D

Local Analysis of the single-layer potential:
1 1

in Jo, -~y cln.

Onu(y)do,

l Steps 1) - 2)

1 o/ J(0,-)eS , 0 A :
5/0 <(S2\ys(0,-)!2+€2)1/2+O(€ ))8 (0,-)dS = 07,319 (0, 1) + O(e)
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Close evaluation in 3D

Local Analysis of the single-layer potential:
1 1

in Jo, -~y cln.

Onu(y)do,

l Steps 1) - 2)

1 o/ J(0,-)eS , 0 A :
5/0 <(S2\ys(0,-)!2+€2)1/2+O(€ ))8 (0,-)dS = 07,319 (0, 1) + O(e)

From the local analysis:
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Close evaluation in 3D

Local Analysis of the single-layer potential:
1 1

in Jo, -~y cln.

Onu(y)do,

l Steps 1) - 2) 9D

1 [o/¢€ J(0,-)eS ) B I .
5/0 <(S2\ys(0,-)!2+€2)1/2 Ol )) 0n1(0,)dS = 07,737 In (0, ) + OLe)

From the local analysis:

The kernels are azimuthally invariant about y* as € — 0
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Close evaluation in 3D

Local Analysis of the single-layer potential:
1 1

in Jo, -~y cln.

Onu(y)do,

l Steps 1) - 2) 9D

1 [o/¢€ J(0,-)eS ) B I .
5/0 <(S2ys(0,-)!2+€2)1/2 Ol )> 0n1(0,)dS = 07,5319 (0, ) + OLe)

From the local analysis:
The kernels are azimuthally invariant about y* as € — 0

A rotated spherical coordinate system enhances the asymptotic behavior of the kernels
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Close evaluation in 3D

Local Analysis of the single-layer potential:
1 1

in Jo, -~y cln.

Onu(y)do,

oD

l Steps 1) - 2)

1 [o/¢€ J(0,-)eS ) B I .
5/0 <(52ys(0,-)!2+€2)1/2 Ol )> 0n1(0,)dS = 07,5319 (0, ) + OLe)

From the local analysis:
The kernels are azimuthally invariant about y* as € — 0

A rotated spherical coordinate system enhances the asymptotic behavior of the kernels

Explicit use of the spherical Jacobian sin(s) results in smoother integrands
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Close evaluation in 3D

Local Analysis of the single-layer potential:

1 1
— Opu(y)do
i [, ly* — 1y — eln,| J

oD

l Steps 1) - 2)

1 [o/¢€ J(0,-)eS ) B I .
5/0 <(52ys(0,-)!2+€2)1/2 Ol )> 0n1(0,)dS = 07,5319 (0, ) + OLe)

From the local analysis:
The kernels are azimuthally invariant about y* as € — 0

A rotated spherical coordinate system enhances the asymptotic behavior of the kernels

Explicit use of the spherical Jacobian sin(s) results in smoother integrands

Using the three above guidelines, how to proceed numerically ?
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Numerical Method

Given a representation

w(y*s €) = /_ 7; /O " (s, t)sin(s)dsdt
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Numerical Method

Given a representation

w(y*s €) = /_ 7; /O " (s, t)sin(s)dsdt

1) Rotated spherical coordinate system

= Atkinson (1982), Gimbutas, Veerapaneni (2013)

2) N-point Gauss Legendre z; € (—1,1),¢=1,...,N
with weights w;

3) 2N Periodic Trapezoid rule
v ;= —7T—|—7T%,j: 1,...,2N
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Numerical Method

Given a representation

w(y*s €) = /_ 7; /O " (s, t)sin(s)dsdt

1) Rotated spherical coordinate system

I Atkinson (1982), Gimbutas, Veerapaneni (2013)

2) N-point Gauss Legendre z; € (—1,1),¢=1,...,N
with weights w;
zi+1
2

S; — T

3) 2N Periodic Trapezoid rule
v ;= —7T—|—7T%,j: 1,...,2N
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Numerical Method

Given a representation

w(y*s €) = /_ 7; /O " (s, t)sin(s)dsdt

1) Rotated spherical coordinate system

= Atkinson (1982), Gimbutas, Veerapaneni (2013)

2) N-point Gauss Legendre z; € (—1,1),¢=1,...,N
with weights w;
zi+1
2

S; — T

3) 2N Periodic Trapezoid rule
v ;= —7T—|—7T%,j: 1,...,2N

N 2N

uN(y*; €) = SLN Z Zwisin(si)F(si, ti)

i=1 j=1
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Other Quadrature Rules

TEcRe
reRal

N 2N
uM (y*ie) = % Z Z w; F(s;,t;) Product Gaussian Quadrature rule =

P —
)| R
R

Atkinson (1982)

i=1 j=1
Johnston, Elliott (2005)

SINH rule %

s; = cos™ (z)

=

IMT rule J=)1ri et al. (1987)
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Other Quadrature Rules

N 2N
uty'ie) = % > D wiF(si,t;) Product Gaussian Quadrature rule [&
i=1 j=1

s; = cos~ 1(2;)

N 2N
™ :
u (y*5€) = SN Z Z w;sin(s;)F(s;,t5) is a modification of the PGQ
i=1 j=1
S; — 7T—Z"5|_1
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Other Quadrature Rules

N 2N
™ . —
ulN (y*ie) = N E E w;F(si,t;) Product Gaussian Quadrature rule =) Atkinson (1982)
i=1 j=1
| Johnston, Elliott (2005)
s; = cos™ (z)
Iri et al. (1987)
o N 2N
N ()%, o) — : : e
ut (y*se) = N Z E w;sin(s;)F'(s;, 1) is a modification of the PGQ
i=1 j=1
zi+1
Sg = T —5— o PGQ
2 mgxaxaxax 2 xA 8 Ax Ax o SINH
e . P e " o A IMT
0 0.1 0.2 0.3 x Ofe)

v The quadrature clusters points near y*

+ The integrand is smoother at y*
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Numerical Results

u(w) == [ 00, Clag)ie oy + [ G0 ()i,
oD oD . Point A
: : . 10 =Fcq ot |
Exact solution: uey(x;, X5, X3) = €%(sin x; + sin x,) ~+ SINH —0(0)

Peanut shape with N = 128

error

5
-4 =
[<b]
125 -7 +—PGQ - IMT
—~SINH —O(e)
1= Point C
10° - .
1.15 ——————t—4
' 3
1.1 S
045 -0.4 -0.35 04 5 0l
' —-PGQ —« IMT
0.45
-0.15 -0.1 -0.05 —SINH —O(¢)

1071° 10710 107° 10°

EINSA @ ()
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Extension to O(e?)

Peanut Shape With N — 100 ExaCt SOlutlon: uex(.xl, x2, X3) — ex3(Sin .xl + SiIl x2)
Use asymptotic approximation of the single-layer potential
. Point A . Point B . Point C
0 =g | o | W om |
—6—0(62) —9—0(62) —6—0(62)
—=—combined —=—combined  |-=—combined
o - / ¢ — /
@) @) @)
—~ = 2 =
S 10 S 10 S 10 "
10 10710} : 10710}
1071 10710 107 10° 1071 10710 107 10° 1071 10710 107 109
€ € €
combined
400 0 400 0 400 0
300 5 300 300 P
2, 200 2, 200 2, 200
-10 -10
100 100 100
I O -15 e\ - -15
12 10 -8 -6 -4 -2 12 10 -8 -6 -4 -2 12 10 -8 -6 -4 -2
logy(€) logy(€) logy(€)
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Extension to O(e?)

Peanut Shape With N — 100 ExaCt SOlutlon: uex(.xl, x2, X3) == ex3(Sin .xl + SiIl x2)
Use asymptotic approximation of the single-layer potential
. Point A . Point B . Point C
0 =g | o | W om |
—6—0(62) —9—0(62) —6—0(62)
—=—combined —=—combined  |-=—combined
— — / ¢ s /
o o o
— — 2 —~
S 10 S 10 S 10 "
10 10710} : 10710}
1071 10710 107° 10° 1071° 10710 107° 10° 1071 10710 107° 10°
€ € €
combined
400 0 400 0 400 0
300 5 300 5 300 P
2, 200 2, 200 2, 200
-10 -10 -10
100 100 100
I O -15 e\ -15 - -15
12 10 -8 -6 -4 -2 12 10 -8 -6 -4 -2 12 10 -8 6 -4 -2
logy(€) logy(€) logy(€)
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Effect of curvature

Sphere

o

(CN

Ellipsoid 1

. Point A
10 - .

—e—Sphere
—o— Ellipsoid 1
. Ellipsoid 2
——Ellipsoid 3

—

o

5

10101
10°1° 10710 107 10°

€

« [ INSA ©) ()

error

10-10 !

1071°

Ellipsoid 2

Point B

—e— Sphere

—o— Ellipsoid 1
—« Ellipsoid 2
—— Ellipsoid 3

Ellipsoid 3

10710 107

€



Outline

* The close evaluation problem
* Quadrature based on asymptotic methods
* Modified representations

+ Conclusion
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Modified representations

Previously we made use of Gauss’ law to help attenuate the nearly singular behavior.

/ 0, G2, 9)[u(y) — u(y®)ldoy + u(y®) / 9,G(,y)do,
oD

oD
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Modified representations

Previously we made use of Gauss’ law to help attenuate the nearly singular behavior.

/ 0, G2, 9)[u(y) — u(y®)ldoy + u(y®) / 9,G(,y)do,
oD

oD

v Straightforward subtraction
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Modified representations

Previously we made use of Gauss’ law to help attenuate the nearly singular behavior.

/ 0, G2, 9)[u(y) — u(y®)ldoy + u(y®) / 9,G(,y)do,
oD

oD

v Straightforward subtraction

¥ Only valid for Laplace’s double-layer potential
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Modified representations

Previously we made use of Gauss’ law to help attenuate the nearly singular behavior.

/ 0, G2, 9)[u(y) — u(y®)ldoy + u(y®) / 9,G(,y)do,
oD

oD

v Straightforward subtraction

¥ Only valid for Laplace’s double-layer potential

Can we have general identities ? Also applicable to other PDEs ?
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Modified representations

Previously we made use of Gauss’ law to help attenuate the nearly singular behavior.

/ 0, G2, 9)[u(y) — u(y®)ldoy + u(y®) / 9,G(,y)do,
oD oD

v Straightforward subtraction

¥ Only valid for Laplace’s double-layer potential

Can we have general identities ? Also applicable to other PDEs ?

Representation formula gives us:

[ —u(z) ze€D

(’9nyG(x,y)u(y)day—/ @, y)0pu(y)doy = —zu(z) x €D

op op 0 rcR3\ D

(+: fundamental solution (Laplace or Helmholtz)
u : solution (of Laplace or Helmholtz) in D
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Modified representations

Given / 8nyG($,y)uS°1(y)day—/
&D

e, y)0u™ (y)dor, = {;u%l(a:) reD
0D

(+: fundamental solution (Laplace or Helmholtz)

sol

u>>" : solution (of Laplace or Helmholtz) in D
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Modified representations

Given / 5’nyG($,y)uS°1(y)day—/ G(:c,y)anuSOl(y)de — —%USOI(x) e D
oD oD

(+: fundamental solution (Laplace or Helmholtz)

1

u>" : solution (of Laplace or Helmholtz) in D

One can modify the single-layer potential / Gz, y)p(y)doy,
oD
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Modified representations

Given / 5’nyG(x,y)uS°1(y)day—/ G(:c,y)anuSOl(y)de — —%USOI(x) e D
oD o 0 r€R3\ D

(+: fundamental solution (Laplace or Helmholtz)

u*' : solution (of Laplace or Helmholtz) in D

One can modify the single-layer potential / Gz, y)p(y)doy,
oD

Gz, y)p(y)[L = 0pu™ (y)ldoy + [ Cl@,y)p(y)0nu™ (y)doy
oD oD
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Modified representations

Given / 5’nyG(x,y)uS°1(y)day—/ G(:c,y)anuSOl(y)de — —%USOI(x) e D
oD o 0 r€R3\ D

(+: fundamental solution (Laplace or Helmholtz)

1

u>" : solution (of Laplace or Helmholtz) in D

One can modify the single-layer potential / Gz, y)p(y)doy,
oD

Gz, y)p(y)[L = 0pu™ (y)ldoy + [ Cl@,y)p(y)0nu™ (y)doy
oD oD l
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Modified representations

Given / 8nyG($,y)uS°1(y)day—/
&D

e, y)0u™ (y)dor, = {;usol<x> reD
0D

(+: fundamental solution (Laplace or Helmholtz)

sol

u>>" : solution (of Laplace or Helmholtz) in D

One can modify the single-layer potential / Gz, y)p(y)doy,
oD

Gz, y)p(y)[L = 0pu™ (y)ldoy + [ Cl@,y)p(y)0nu™ (y)doy
oD oD l

— [ Camlol) - w0 oy + o) [ o),
oD oD
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Modified representations

Given / anyG(w,y)uSOI(y)day—/
&D

e, y)0u™ (y)dor, = {;uw(x) reD
0D

(+: fundamental solution (Laplace or Helmholtz)

sol

u>>" : solution (of Laplace or Helmholtz) in D

One can modify the single-layer potential / Gz, y)p(y)doy,
oD

/a . G, y)p(y)[1 — O™ (y))doy, + / C(z,y)p(y)0nu(y)do,

oD l
— [ Camlol) - w0 oy + o) [ o),
oD oD

+o(y*) | 0uCla,y)u (y)doy — p(y*) [ OnC(z,y)u™ (y)da,
oD oD
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Modified representations

Given / anyG(w,y)uSOI(y)day—/
&D

e, y)0u™ (y)dor, = {;uw(x) reD
0D

(+: fundamental solution (Laplace or Helmholtz)

sol

u>>" : solution (of Laplace or Helmholtz) in D

One can modify the single-layer potential / Gz, y)p(y)doy,
oD

/a . G, y)p(y)[1 — O™ (y))doy, + / C(z,y)p(y)0nu(y)do,

oD l
— [ Camlol) - w0 oy + o) [ o),
oD oD

+o(y*) | 0uCla,y)u (y)doy — p(y*) [ OnC(z,y)u™ (y)da,
0D l 0D
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Modified representations

e, y)0u™ (y)dor, = {;u%l(a:) reD
D

Given / any G(QE, y)uSOl(y)day—/
oD 0

(+: fundamental solution (Laplace or Helmholtz)

sol

u>>" : solution (of Laplace or Helmholtz) in D

One can modify the single-layer potential / Gz, y)p(y)doy,
oD

| cprwn - o wlldo, + [ Clag)ow)on ),
oD oD l
— [ Camlol) - w0 oy + o) [ o),
oD oD

+o(y*) | 0uCla,y)u (y)doy — p(y*) [ OnC(z,y)u™ (y)da,
oD oD

= ) [ B[ (y)—u () doy +u (y)oly) | BuCi(e,y)do,
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Modified representations

e, y)0u™ (y)dor, = {;u%l(a:) reD
D

Given / any G($’ y)uSOl(y)day—/
oD 0

(+: fundamental solution (Laplace or Helmholtz)

sol

u>>" : solution (of Laplace or Helmholtz) in D

One can modify the single-layer potential / Gz, y)p(y)doy,
oD

| cprwn - o wlldo, + [ Clag)ow)on ),

oD oD l

— [ Camlol) - w0 oy + o) [ o),
oD oD

+o(y*) | 0uCla,y)u (y)doy — p(y*) [ OnC(z,y)u™ (y)da,
oD oD

= ) [ B[ (y)—u () doy +u (y)oly) | BuCi(e,y)do,
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Modified representations

Given / 5’nyG(x,y)uS°1(y)day—/ G(:c,y)anuSOl(y)de — —%USOI(x) e D
oD oD ~

(+: fundamental solution (Laplace or Helmholtz)

u*' : solution (of Laplace or Helmholtz) in D

One can modify the single-layer potential / Gz, y)p(y)doy,
oD

Gz, y)p _day + G (z,y)p(y)0nu™ (y)do,
oD l

— [ Gl N0, (o, + ") [ a0 ),
oD 0

D

+o(y*) | OnCi(m y)u (y)doy — p(y") | OuC(@,y)u™ (y)do,

oD l 0D
=) [ 0, (o) R o+ 0 () 6") [ 0, )dor

oD
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Modified representations

—u°Y(z) ze€D
Given [ 9,,Clay)u (g)doy~ [ Clarg)ou(y)do, = § ~5ule) we D
op op 0 r€R3\ D
(+: fundamental solution (Laplace or Helmholtz)

u*' : solution (of Laplace or Helmholtz) in D

One can modify the single-layer potential / Gz, y)p(y)doy,
oD

Gz, y)p _day + G (z,y)p(y)0nu™ (y)do,
oD l

:/ gj y_@ USOI dO'y +p(y )/ G(xay)anuSOI(y)day
oD 0

D

+oy*) | OuGlz,y)u™ (y)doy = p(y") [ OuCi(@, y)u (y)doy

oD l oD
==o(v") | OnC (e, y) MEE@REREN doy+u* (y)o(y") [ OnCi(e,y)doy

oD
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Modified representations

—u°Y(z) ze€D
Given [ 9,,Clay)u (g)doy~ [ Clarg)ou(y)do, = § ~5ule) we D
op op 0 r€R3\ D
(+: fundamental solution (Laplace or Helmholtz)

u*' : solution (of Laplace or Helmholtz) in D

One can modify the single-layer potential / Gz, y)p(y)doy,
oD

Gz, y)p _day + G (z,y)p(y)0nu™ (y)do,
oD l

:/ gj y_@ USOI dO'y +p(y )/ G(xay)anuSOI(y)day
oD 0

D

+oy*) | OuGlz,y)u™ (y)doy = p(y") [ OuCi(@, y)u (y)doy

oD l oD
) [ anG«c,y>_day+u%l<y*>p<y*>-
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Results for Laplace single-layer potential

Exterior Neumann Laplace problem on a sphere (N=16) Good resolution of p
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Exterior Neumann Laplace problem on a sphere (N=16) Good resolution of p

1
Representation VO: u(x) = / P
P (@) op 4|z —y|

(y)day
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Results for Laplace single-layer potential

Exterior Neumann Laplace problem on a sphere (N=16) Good resolution of p

1
Representation VO: u(x) = / P
P (@) op 4|z —y|

(y)dgy

Modified representations:

o) = [ -0 e, + [

0
D 4”‘5’7 — y\

1

R — [p(y) — ply*)]0nu* (y)do,

4 p(y*) /8D T;:ZT‘QE:U_;’%) [USOl(y) . USOl(y*)]dO'y

» [ INSA ©) ()



Results for Laplace single-layer potential

Exterior Neumann Laplace problem on a sphere (N=16) Good resolution of p

1
Representation VO: u(x) = / P
P (@) op 4|z —y|

(y)d(f’y

Modified representations:

w@)= [ =0 e, [

. * 8nUSOI do
I p— . 47T,x_y‘[p(y) p(y*)] (y)doy

4+ p(y*) /8D Zzﬂ;w__y’%) [USOl(y) . USOl(y*)]dO'y

anusol(y*) — 1
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Results for Laplace single-layer potential

Exterior Neumann Laplace problem on a sphere (N=16) Good resolution of p
1
Representation VO: u(x) = / ply)do
p () 8D47T‘37_y’ () Yy

Modified representations:

u(z) = /a - 0 oy + [

p 4m|r —y| op 4l —

[(y) — p(y)]0nu™ (y)do,

4 p(y*) /8D Zyﬂ-’agw__yyg) [USOl(y) . USOl(y*)]dO'y

Error at point B

0 T
8nUSOI(?J*) =1 10— =75
(N W N N M S N o vy
: el V2
sol = 10_5'_ I N R R "’,r | —‘_ -+ Xi
Vl u (y) — y E I : ’ ”’ ;2$=¥_+
v -~ //
1 & c%— -8 - =0 —;e,—’—’c:}- - -é— -0 ;j/
V2 USO (y) — ( y* —I_ n*) % -10- a”, ;lf
vt — 3 2 .
1 2
V3: uSol(y) 2 » v ———
1 Thoy (1y1 5)( Ty 5)?/2 - */;;v
V4 ’U,SO Yi— Y2 — 10_1515—-t---._=
(y) ’I’L * 1(y2 5)—|—n * 2(y1 —5) 5 .5
10 10"
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Results for Helmholtz layer potentials

Sound-soft scattering problem on an ellipsoid (k = 5) Limited resolution of . (10-7)

, 1 _—
Representation V0: u(x) = On, Gz, y) — tkG(x, y)|1(y)doy,
oD 0.

Representation V1: u%!(y) = e?*n (v=v")

u(@) = | [0n, G (@,y) On ™ (y) (2, ) [1(y) — 1(y™)doy, 0

+ / C(2,y)[0nu™ (y) — iK]u(y)doy + 11(y”) / On,, G (2, y)[1 — uSOl(y)]ilU;
5D oD

1

0

Error at point A Error at point B
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Outline

* The close evaluation problem
* Quadrature based on asymptotic methods
* Modified representations

+ Conclusion
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Summary

Due to sharply peaked behavior of layer potentials” kernel, one makes an O(1) error for
close evaluation.

Local analysis provides valuable insights to design methods that naturally address the
nearly singular behavior

When one has limited density resolution, modified representations help reduce the
error (for free)
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Due to sharply peaked behavior of layer potentials” kernel, one makes an O(1) error for
close evaluation.

Local analysis provides valuable insights to design methods that naturally address the
nearly singular behavior

When one has limited density resolution, modified representations help reduce the
error (for free)

PTR Method O(€?) Approximation O(€®) Approximation

Other techniques:

Kernel / singularity subtraction

Asymptotlc approximations (2D)

Perez-Arancibia (2018)
>- Carvalho, Khatri, Kim (2020)

» [ INSA ©) ()



Summary

Due to sharply peaked behavior of layer potentials” kernel, one makes an O(1) error for
close evaluation.

Local analysis provides valuable insights to design methods that naturally address the
nearly singular behavior

When one has limited density resolution, modified representations help reduce the
error (for free)

PTR Method

Other techniques: —

Kernel / singularity subtraction

Asymptotic approximations (2D) -

——

Perspectives:

Stokes flow and plasmonics
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Thank you for your attention.
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