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Medical context

@ The forward problem
@ Contrast source inversion

@ Conclusion

S. Lohrengel JO des poétes 2024



Medical context

Reconstruct the electrical properties (permittivity and conductivity) of
the tissues in the human brain from radio-frequency measurements
obtained by magnetic resonance imaging (MRI).

~ disease detection
~~ safety standards

ANR Project ELECTRA : IADI (INSERM, Nancy), CHRU Nancy,
Healtis (Nancy), ICUBE (Strasbourg), LMR (Reims)

numerical methods for precise reconstruction of electric properties &
database with respect to age
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Magnetic resonance imaging (MRI)

Principle :
@ strong static magnetic field By, e.g. 3T

@ excitation of hydrogen protons through radiofrequency (RF) pulse at
Larmor frequency, e.g. 128 MHz at 3T

@ emission of e.m. signal when protons return to initial state

= picture of biological tissues containing water

Birdcage coil : a typical configuration of RF antenna

© o)
" Q ~» computational domain

o

TQ D C Q ~~ measurement area
(o)

/

5 line source field from 8 or 16
o legs (outside D)
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Maxwell's equations

time-harmonic Maxwell's equations at fixed angular frequency w
with linear isotropic constitution laws, Ohm’s law and scaling wrt
electric permittivity €9 and magnetic permeability g in free space

= E(x,t) = Re (e "t \/20E) , H(x,t) = Re (e~ /1uoH)

—ike,E —curlH = —\/upJs
—ikp,H+curlE = 0

with source term Jg, wave number k = w./gopuo and relative
electromagnetic parameters

1 ( ia> I
er=—\le+— ), tr=—.
€0 w Ho
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Electric field formulation in 2D

Elimination of H :
curl ,ur_l curl E — k%¢,E = ik\/jiods

Two-dimensional transverse magnetic setting and p, = 1 :

0 0
E=(0]|.Js=|0]| = —AE—Kk?c,E = ik\/1ig js
E .S A,—/

d:efF

Perfect conductor boundary condition in a bounded domain Q :

—AE—k?,E = F inQ,
E = 0 on 9.
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Perturbation due to the presence of an object

Assume that k? ¢ sp(—AP™).

Reference configuration : no object = ¢, = 1. Source term F.

—AE — g2Frf = F inQ, (1)
Erf = 0 ondQ.

Configuration with object : assume that supp(1 —¢,) C D where
D c Q. Ime, > 0 on some part of D. Same source term F.

CAEWt_ 2 FRt = F i Q, )
Ett = 0 on 9Q.

Forward problem

Let £7f be the solution to (1) for given F.
For given ¢,, find the scattered field E5¢ = E*t — E**f solution to

—AE® — K%, E* = —Kk*)(1—¢,)E™ inQ, 3)
Esc = 0 on OQ
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Which formulation for the inverse problem 7

Inverse problem as a parameter problem

Let E™f be the solution to (1) for given F.

For given measurements f4%2 on D C Q, find £, such that the
scattered field E*¢, solution to (3), satifies Ef = fdata

~ resolution by minimization of a least square functional of the
data error.

Difficulty : inverse parameter problem, the differential operator in
(3) depends on ¢,.

—AEs¢ — k2:, E5¢ = —k2(1 — zsr)ErCf in Q,
E* = 0 on 0f).
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Reformulation of problem (3)

—AE* — K2E¢ = —k2(1—¢g,)E™" in Q,

E¢ = 0 on 09Q.

Inverse problem as a non-linear source problem

Let E™f be the solution to (1) for given F.

For given measurements 42 on D C Q, find (e,, £'°') defined
on £, such that the scattered field E5¢, solution to (4), satisfies the
following system

ES = fdata  Idata equation]
Eref 4 s = E'°t [state equation]

~ resolution by minimization of a least square functional of the
weighted data and state error.
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The inverse problem as contrast source inversion

Let x = 1 — &, the contrast function and w = yE*°! the contrast
source.

Problem (4) = —AE% — K2E5° = —k2 (1 —£,)E™" in Q.
—_——

—yEtotdfyy,

Linear solution operator

Ly : [2(Q) — HHQ)
w o E%

where £5¢ € H}(Q) is the (variational) solution to

—AE* — k’E° = —k’w in Q, (5)
E =0 on 09.

y
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The inverse problem as contrast source inversion

Let Rp : L?(2) — L?(D) be the restriction operator to D C Q.

Recall that y =1 — ¢, and w = yE'.

Operator formulation of the data and state equation :

E‘SE(; — fdata = RD o Eb(W) — fdata

Eref + Es¢ = Etot = x (Eref +£b(W)) —w

v
Inverse problem as contrast source inversion (CSI)

Let E™f be the solution to (1) for given F.

For given measurements 42 on D C Q, find (y, w) defined on Q,
such that

RpoLy(w) = fda= [data equation]
X (E*f + Lp(w)) = w [state equation]
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Contrast Source Inversion (CSI) - State of the art

Seminal paper of van den Berg/Kleinman, Inv. Pb., 1997

@ reconstruction of the complex refraction index of an object from
surface measurements outside the object

= scalar scattering problem in an unbounded domain

@ solution operator based on Green's function

Unbounded domain, MRI-EPT
@ Balidemaj et al., IEEE Trans. Medical Imaging, 2016
@ Arduino et al., Inv. Pb., 2018

Bounded domain - FEM

@ Zakaria et al., Inv. Pb., 2010 (microwave imaging, Helmholtz
equation)

@ Arduino et al., IEEE Trans. Medical Imaging, 2021 (MRI-EPT)
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Resolution of the inverse problem by minimization

Fx,w) = ]-"data(w) + Ptate(x, w) — min

data

with Flata(w) = T|fdata _ (Rp o £,)(w)l3 p,

state

Foate(y,w) = o (E + Lo(w)) — wlZ ps

for any x € L>°(Q) and w € L%(Q) and normalization constants
ndata > 0 and nstate > 0.

Two-step iterative method :
@ update w, by a gradient-based method ~~» w;11

e update y, from knowledge of w1
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Computation of the gradient by the adjoint state

Adjoint solution operator

L HY(Q) — (2(Q)
e = —k3p,

where the adjoint state p € H}(R) is the variational solution of

—Ap—k?p = ¢ inQ,
{ p = 0 ondq. (6)

v

Then (Rp o Lp)* is defined with the help of the extension operator
R% : L2(D) — L2(Q) given by

X _J ¢ onD
RD((p)_{O on Q\ D.
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Computation of the gradient by the adjoint state

data

Fata( ) = T—|fdata —(Rpo Eb)(W)”%,Da

state

Fre(yw) = (BT + Lo(w)) = wllf .

VwF@%(w) = —n®@Re{(RpoLy)*(p)}

Vo Foe (v w) = —peRe {r — L3(xr)}

where p = %% _ (R0 £,,)(w) is the data error and
r=x(E™ + L,(w)) — w is the state error which is taken into
account only on the subdomain D.
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Computation of the contrast function from given w

For a given contrast source w, the total field E** can be computed
by
Etot _ Eref +£b(W)

Then the contrast function

w WEtot
X = Etot — | Etot|2 (7)

satifies the state equation
X (Eref +£b(W)) = w.

NB : For x defined from w and E*°* by (7), the state error
r=x(E*" + L,(w)) — w vanishes. Thus,

Vi F e (x, w) = —np@* Re {r — L3(xr)} = 0. J
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CSI Algorithm

Data : E£°f, k, fdata, Initial data : wp, Yo
Initialization : compute E5° = L,(wp) and initial direction vop = —go
© Update :

o compute Lp(v;)

compute optimal step «, (explicit formula depending on
£5(vn))

update contrast source : Wpy1 = W, + QipVy

solve direct problem : E;¢; = E° + anLp(va)

compute total field : Ef9Y = E™f + E3¢,

compute new contrast function x,41 from formula (7)

@ Compute new residual and gradient :

__ fdata scC
° ppy1 =1 - EnJr]_‘D

® 8nt+1 = —Udata Re{(Rp o Lp)*[pn+1]}
© Non-linear conjugate gradient (Polak-Ribiére) direction :
< 8n+1,8n+1 — 8n >D v,
< &n,&n >D
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First numerical results for synthetic electric field data

Source

Line source field

with intensity / and r; = ||x — ¢|| the

Figure — Configuration of a  djstance to the center ¢; of the (th leg.
birdcage coil ~

Figure — E™f (without object, right), E** (with object, middle), E5¢
(scattered field, right), P1 FEM - FreeFem++
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First numerical results for synthetic electric field data

Reconstruction of a homogeneous circular object with relative
permittivity £, = 52.5 4 48.028/ (white matter at 128 [MHz]).

Figure — Mesh for data generation (left). Mesh for CSI algorithm (right),
~ 2000 measurement points.

Reconstructed mean value of ¢, in the object : 51.98 + 47.26i
~ = 1% relative error for noiseless data
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Figure — Noiseless data (left column). Noisy data with 0.5% (middle), 2%

right column). Upper line : real part of &,. Lower line : imaginary part of
g
Er.
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Realistic 2D head model

Relative Permittivity ()
40 60 850401

Conductivity (3/m)
1 15

— d b —

Figure — Permittivity (upper line) and conductivity (lower line). Noiseless
data. Ground truth (left). 5000 iter. (middle). 20 000 iter. (right).
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Realistic measurements

What does MRI really measure ?

MRI does not measure the electric field, but the Bl+-fie|d related to
the scattered magnetic field.

Maxwell's equations (p, = 1) ~ curl E = ikH

. _ __i __i o E
in2D: H= kcurIE— k<8XE>'

MRI measurements

SC | jJ{sc
Bf_ déf Hx +IHy

> on D
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Operator formulation of the data error with B;"-data

Define linear operators C and P by

+
Curl operator C B -operator P

C:HYQ) —  L2(Q) PLAQP - L’jff?)
E*° — —fcurl E*. u - ”x2’“y.

Then, the data operator ST is defined from composition by

ST L3(Q) — L3D)
w = (RpoPololLy)(w)

Adjoint Bj-operator P* Adjoint curl operator C*

P L2(Q) -  [2(Q)? crL2(Q? - HY(Q
) vV o~ —I—i curl v.
v 2 \—ip)" with curlv = Ocv, — 0, vy.
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The adjoint data operator

Data operator

ST 12(Q) — [*D)
w — (RpoPoColLlp)(w)

St* = (L;oC*oP*oRp): L?(D) — L3(Q)

Let ¢ € L2(D). Then, S™*(p) = —k2p where p is the (variational)
solution of

—Ap—Kk’p = icurlv in Q, (8)
p = 0 on 0f2.
where
1 v
. = . on D,
V=P (Rp(e)) = { 2 (—w
0 on Q\ D.
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Cost function for B -data

o) = ]_—data,-‘r(w) _|_]:S‘Jate(x, w) — min J
) N data 7d
with Fdett(w) = Z—|Bf R S+(W)”(2)7D’
state
]:state(x, W) — ”THX(Eref 4 £b(W)) — WH%,D’

Formula for the gradient wrt w

Ve Fotat(w) = —pdatagie [ST4(pT)}
VW-FState(X? W) — _nState me {r — £Z(Yr)}

where p = B4 — S¥(w) is the data error for B;f-data and
r=x(E™ + L,(w)) — w is the state error (unchanged).
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Implementation issues

Finite Element Solver

FreeFem
[@ F. Hecht, J. Num. Math., 2012.

Choice of Finite Elements?
@ Solution operator £, and its adjoint L :
~ discretize E5¢ and p by Lagrange Finite Elements of type P1
@ Restriction/extension operators Rp and R}, :
~~ implement the subdomain D C  as a region
@ Implementation of the adjoint curl operator C* :

@ A. Arduino et al., IEEE Trans. Medical Imaging, 2017.

use Stokes' Theorem on a dual mesh and discretize C*v by
Lagrange Finite Elements of type P1 with nodal values

(C*v), ] C*vdx:ijg v-Tds
G k Jag
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Implementation of the adjoint curl operator

C* is involved in the r.h.s. of the ajoint problem :

—Ap—k*p = fcurlv inQ,
p =0 on 0f.

Variational formulation : Find p € H}(Q) s.t.
i
a(q,p) =< q, T curlv >p1(q) H-10) Vq € H3 (),
where

a(q,p):/QVq-Vﬁdx—k2/QQde Vb, q € Hg(Q).

i i _
< q,;curlv >Hg(Q),H*1(Q): —E QCUI'lq-VO'X }

~ discretize p and g by Lagrange Finite Elements of type P1
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Numerical results for B -data

Rolaive Pormiftuty

Conducty

Table — Permittivity (upper line). Conductivity (lower line). Ground truth
(left). Reconstruction after 40 (middle) and 100 (right) iterations. Refined
mesh, =~ 27 000 measurement points.
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Conclusion and on-going work

@ Reconstruction of EPs ¢ and o in various
academic and realistic configurations.

@ Good performance for noiseless data and
electric measurements.

@ First step towards realistic B; -data. 1B
1

In (near) future

@ (Multiplicative) regularization of CSI [cf. Balidemaj et al 2016]

@ Phaseless data : |B;| instead of full B]" data [cf. Arduino et al.
2018]

@ Experimental data of a phantom [IADI, Nancy]
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